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Problem 1.
(a) Suppose that u, : R — R and that u, is continuous for n = 1,2,.... Prove
that if u,, — u uniformly then u is continuous.
(b) Let

flz) = Z(—l)"sin(n:p)‘

n

Show that f(x) exists and is finite for all # € (—x, 7) and that f is continuous
on (—m,m).

Problem 2. This problem concerns the question of under what conditions does the
Fourier series of a function converge to the function. For a Lebesgue integrable function

f :10,27] — R, the Fourier coefficients of f are defined by

fu = /Ozﬂf(x)e_im dz.

For each function given below, evaluate for all « € [0, 27] the Fourier series of f given
by the sum

1/x  if x is rational
flz) = ¢ 1/y/x if x is irrational and = < 1/2

1 otherwise

(¢) f(x) = limp—oo fn(x) where

(d) f(z) = exp(cosx — sin® z)
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Problem 3. Suppose that f : R — R and K : R? — R are continuous. Show that
there exists a unique function ¢ : R — R

o) = fio) + [ " Kl y)ely) dy

for all z € R.

Problem 4. Find all possible values of

(140)t

Problem 5. For each function given below, (a) determine the largest region where
it is analytic, (b) identify all branch cuts, (¢) classify all singularities, (d) give the
lowest order term in the Laurent series about each pole, (e) determine the radius of
convergence of the Taylor series about the point z = 2. Be sure to consider all sheets
of multivalued functions.
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Problem 6. Compute each of the following definite integrals:

(a) /Oooﬁdx (b) Ow%d:p (c) /Ooo Cloi(t;) de (teR)




