
Some standard eigenvalue problems for d2φ
dx2

+ λφ = 0

1) Dirichlet boundary conditions φ(0) = 0, φ(L) = 0:

Eigenvalues λn =
(
nπ

L

)2

n = 1, 2, 3, . . . normalized eigenfunctions φn(x) =

√
2

L
sin

nπx

L
with orthogonality relation < φm(x), φn(x) >= δmn .

Series f(x) =
∞∑
n=1

bnφn(x) where bn =< f(x), φn(x) > and the inner product of u(x)

and v(x) is < u, v >=
∫ L

0
u(x)v(x)dx .

2) Neumann or no-flux boundary conditions dφ
dx

(0) = 0, dφ
dx

(L) = 0:

Eigenvalues λn =
(
nπ

L

)2

n = 0, 1, 2, . . . normalized eigenfunctions φn(x) =

√
2

L
cos

nπx

L

for n = 1, 2, 3, . . . but φ0 =

√
1

L
and λ0 = 0 when n = 0 . The orthogonality relation is

< φm(x), φn(x) >= δmn .

Series f(x) =
∞∑
n=0

anφn(x) where an =< f(x), φn(x) > and the inner product of u(x)

and v(x) is < u, v >=
∫ L

0
u(x)v(x)dx .

3) Periodic boundary conditions φ(−L) = φ(L) and dφ
dx

(−L) = dφ
dx

(L):

Eigenvalues λn =
(
nπ

L

)2

n = 0, 1, 2, . . . the normalized eigenfunctions are

φ(1)
n (x) =

{ 1√
L

cos nπx
L

for n = 1, 2, 3, . . .
1√
2L

when n = 0 (λ0 = 0)
, φ(2)

n (x) =
1√
L

sin
nπx

L
for n = 1, 2, 3, . . .

with orthogonality relations

< φ(1)
m (x), φ(2)

n (x) >= 0, < φ(1)
m (x), φ(1)

n (x) >= δmn, and < φ(2)
m (x), φ(2)

n (x) >= δmn .

Series f(x) =
∞∑
n=0

anφ
(1)
n (x) +

∞∑
n=1

bnφ
(2)
n (x) with coefficients an =< f(x), φ(1)

n (x) >,

bn =< f(x), φ(2)
n (x) >, and the inner product of u(x) and v(x) is < u, v >=

∫ L

−L
u(x)v(x)dx.


